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Equations for Diffuse Scattering from Materials with Multiple Sublattices
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General equations are presented for the diffuse scattering due to local ionic arrangements and displace-
ments in systems with more than one ion per lattice point. Up to fourth-order terms are included.
These are placed in a form easy to evaluate in specific cases; examples are given of a solid-solution
oxide, and an oxide with vacant sites. Methods for employing these equations for the separation of the

various contributions are discussed.

Introduction

Most quantitative studies of diffuse X-ray or neutron
scattering to reveal local atomic arrangements, such as
clustering or local order, have been carried out on
metallic alloys. The techniques are still evolving; see
Sparks & Borie (1966), Borie & Sparks (1971), Gragg
& Cohen (1971), Gragg, Hayakawa & Cohen (1973),
Williams (1974), Hayakawa, Bardhan & Cohen (1975),
Tibballs (1975) for the latest procedures, techniques
and error analyses. Currently, there is considerable
interest in such diffuse scattering from other materials,
such as oxides and carbides, where diffuse scattering
can provide information about clustering or local order
of the high density of point defects or of ions in solid
solutioninsuch materials; examples are the recent studies
by Brunel & Bergevin (1969), Chudinova, Kuz’kina &
Shivrin (1970, 1971), Billingham, Bell & Lewis (1972),
Andersson, Gjonnes & Tafto (1974). In metallic alloys
there is one atom per lattice point, but in these com-
pounds there can be several. General equations for com-
pounds have not yet been presented and as a result in-
vestigators have resorted to various approximations. It
is now well known for metallic alloys that the diffuse
scattering contains features due to local atomic arrays
(clustering or local order) and features due to static
and dynamic displacements from lattice sites, and that
both effects can extend out to many shells around any
given atom. All previous studies on oxides and
carbides have neglected the scattering due to mean-
square displacements. As this intensity occurs near
and under Bragg peaks, in the same location as the
intensity due to chemical clustering and is of the same
magnitude, the results of such studies are doubtful;
studies of short-range order, for which the strongest
parts of the two kinds of diffuse scattering are separ-
ated in reciprocal space, may be more correct. These
prior studies have, however, included the effect of
average static displacements, but assumed that these
were radial and did not extend beyond the first-
neighbor shell.

In this paper the general equations for diffused
scattering from a structure with multiple sublattices

out to fourth-order terms are derived and placed in
simple form for use with any material. Specific ex-
amples for two structures, Fe,O and NaCl-type
materials, are presented. The required measurements
to separate the various contributions are given. Actual
measurements with the methods are appearing con-
currently (Hayakawa, Morinaga & Cohen, 1974;
Krawitz & Cohen, 1975).

1. General theory

The intensity will be written in terms of moments of
the general kinematic expression following the pro-
cedures of Borie & Sparks (1971) for binary alloys.
The total intensity in electron units (/,,,) can then be
written as:

N M
Lo = Z Zf;nu exp [ik . (rn+r,+A,,)]
m oy :

M
X Zf;w €Xp [—'lk . (rn+rv+Anv)]a (1)

:Mz

where:

m,n=lattice indices; m (or n) imply m,,m,,m,, the
triplet required to specify a coordinate in the
lattice.

MU, v =sublattice indices,

JSmus fov=atomic scattering factors of atoms on the
uth sublattice of the mth lattice point and the
vth sublattice of the nth lattice point respectively,

I, I, =the positional vectors of the mth and nth lattice
point with respect to an arbitrary origin,

r,,I,=sublattice vectors of the uth and vth sublattice
with respect to the lattice points,

ApAyy=small displacement vectors of the atoms
from their lattice points r,,+r, and r,+r,,

N =total number of lattice points,

M =number of sublattices,

k =the diffraction vector.

Let €Xp [lk . (rm - rn)] = Amna €Xp [lk . (l’u— l'v)] = Suv’
exp [ik . (A, —An)]=6xp (ik . A2). Furthermore, let
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x! be the sublattlce fraction of element i on sublattice
U and let plJ, be the conditional probability of finding a
Jj-type atom (or ion) on the vth sublattice of the nth
lattice point if there is an ith type on the uth sublattice
of the mth lattice point. Then (1) may be written as:

-3 3T T IR

x {exp (k. AY)YPES,,Apn . (2a)
The average of the displacement term is taken for each
set of interatomic vectors associated with i and j
species whose total probability is xLPi.

Separating the terms in the sum 1nvolv1ng the same

atoms:

Itot=NZ Zx;tle‘l'z Z z z z Zx}tx{»ﬁf}

n
(mu#nv)

x exp (K . AZ))S,yAmn

+ZZEZZqux 1./ exp (ik . Al))

m n u v
(mu#nv)

Py
X (—xf— ) SyvAmn -

v

(2b)

By adding and subtracting the term mu=nv to the
second and third sums the intensity may be written in
terms of a component due to the average structure,
I,vg, and one related to the local order, I o.:

Ly=Isvet+ 1L 0.,
IAVE:Z z Z Z Z z xfzxifzfj
m n u v
x {exp (ik . A)>S,

ILo.=ZZZZZZXLX£ﬁfJ

xGexp ik . Ay (25

(3a)

(30)

l}ll’l b

L 1) S . (36)

The inner sum of (3¢), over i and j, can be simplified
by separating the term for i=j and employing the
relationships:

Pli=1- > P&, (4a)
)
xi=1— > xk. (4b)

k(#i)

Then equation (3¢) can be rearranged to yield:

L o, —z z Z Z z quxjﬁ(ﬂ<exp (k. AR

v i#j

ij
Py,

—fj<exp (lk . Alii{r)» (1 ) S vAun - (5)

DIFFUSE SCATTERING FROM MULTIPLE SUBLATTICES

It will now be assumed that the displacements of
atoms (ions) are small, and that the averages of odd
powers of displacements vanish for large interatomic
vectors. Under these conditions, the exponential terms
in these displacements (A’s) can be approximated by a
series expansion:

(exp (ik . A)Y={1+ik . Al ——L(k ALY

i ..
TR AP+ AR+
~exp (—3{((k. A} >
x[1+ik . AD>],
=exp [-3(k. A"
xexp (— (k. A))*)
xexp (k. Ajk . Al)]

*[14+idk . AN, (6a)
or
Cexp (ik . Aff))=~exp (— M) exp (— M)
xexp (¢k. ALk . AJD)
> (1+idk . ALY . (6b)

A comparison of the expansion of (65) and the expan-
sion of exp (ik . AY) will show that the two are identical
out to quadratic terms. Beyond these terms, the expan-
sions each include several plus and minus terms which
tend to cancel especially if displacements are un-
correlated. Remaining higher-order terms are similar
except for weighting factors which differ by two or
three. Without this approximation either the effect of
all higher-order terms must be neglected, that is, there
is no term exp (— M), or the term M; must vary with
interatomic vector (Walker & Keating, 1961). The third
exponential in (6b) is now expanded and substituted into
(3b) and (3¢) and (1 —PY,/x}) is set equal to o, The
intensity may then be written in terms of moments of the
expansion, with superscripts indicating the order of
the moment and f; implying f; exp (— M,).

Bve=2,2.2,2,2, inx*’f.f,SuvAmm

i3 3333 3 AAf
' j x<K . AG)S A, (7D)

=222 2.2 250 fif]
e J>< k.AK.ADS,Amn

12,2222 255
x (k. ALK . A (K . ALYy, (7d)

I‘:\vsz%géggzzxﬁi‘xififj

roJ

(K . ALK . A2Y2S,y A »

(79

(70

3
Iyve

(7e)
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>, 2, XX fi(fi=f)

X aquuvAmn ’
2 X fi(fick . ALY
#J
_f.}<k . Alii’;>)aftjvsuv‘4mn s (Sb)

=i> > > > > > xxfi(filk. Alk. A}y

(8a)

-~

i#j

—fj<k Alk Aj>)(xijs Amn’ (86)

Ro=i22 222 2xx5fi

m n u v i#j

x (fik . ALk . AV (k . Al

—f}(k . Af,k LAY (kL AYYES A (8d)
I} o.=% g 2 Z Z lZ#Jquxjf

x(fick. A'k A

—fKk . ALk . AI)SS, A (Be)

etc.
Equation (7a) represents Bragg peaks as may be
readily seen by rearrangement:

IOAVE= z z (Z z x;if:Su) (Z z x{rf,liS—v)Amn
=2 > . FuS) G vS - A
=2 2 FF*d,,. (9)

Equation (8a) represents the intensity due to local
order (clustering or short-range order) of atoms or
ions, Io, and it can be written as:

Isgo= z Z Z Z z Z x;i;x{(ft ‘fj’)zo‘fz{:suvAmn- (10)
m n u v i>j
The mu=nv term gives the ‘Laue monotonic’, i.e.

I m. —NZZZXX (f;—fj)z

i>j

(an

By dividing and multiplying (10) by this Laue mono-
tonic scattering,

ISRo— g: Z Z 2 Z>;
XS
X Z 2{;? x ,X (fz _fj)z fxuyS‘,vAm,, . (12)

The « coefficients vanish at large interatomic dis-
tances. Therefore, the sum over m, n,u,v can be re-
placed by N times a single sum over interatomic vec-
tors /a; +ma,+na,:

Ispo=1ILm. IZ Z z
m n

.)E‘l‘xigil_f el (Imn)
§ [zi:w' > Sxbxk (fi—fi) ]uvAlmn .

woixj

(13)

The brackets [ ],, imply the summation over all possible
combinations of sublattices with a given /,m,n.

The first moments from both local order and the
average lattice (76 and 8b) involve average displace-
ments, and are thus due to static, not dynamic dis-
placements. They can be combined to give a term
similar to the well known ‘modulation’ from binary
alloys [see Sparks & Borie (1966) for a discussion of
this term for alloys]:

Ji=1Jt 1
I'=Iivet+1io.,

=122, 2 2, 2 luxfik . Al

m n pu v

+ > xbxd fif ik ABY+ > xixd fECk . Al e,
J(#D J(#D)

- Z x;xifif,’(k . Alil{v>af4{:]suvl4mn s
J(#D)

iS55 S

xufiz(xv+ Z x‘\’rauv
J(#9)

53 SAAT G- A
X xvflf.i(l uv)
t 2SS S A -

woisj

X

o (A 4] S

(14)
Defining:
X fEG+ 2 xjod)

Fii — J(#0)
PP EE A
xuXy fif {1 —od)

22 2 xpxp (fi—f )"’

woi>j

(15a)

and

Fi= (155)

equation (14) becomes:
M

reTRE2222

=il m. IZ Z z [2

m n

z Z v<k . AL€>SuvAmn »
T 7
Z F Afzjv>lmn]uvAlmn . (16)
j
With identical manipulations, the second moments
can be combined. These represent thermal diffuse
scattering (TDS) in the harmonic approximation and
the analog to Huang intensity in binary alloys, due to
mean-square static displacements of ions from their
average positions in the structure:

I —IL M. Z Z Z [z z F <k A k Aj>lmn]uvAlmn .
(17)
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Similarly the third and fourth moments can be
combined, the latter corresponding to second-order
TDS:

Peiliw 3 3 SIS 5
x (k. Ak . A (k. AZ )iy Armn s (18)

Pt 333133 P
x <k . A'k A oA . (19

The third and fourth-order terms will be discussed
in § 4. We consider now only terms to the second
moment. The vector products are simplified by sub-
stituting the following equations:

k= 2n(h1b1 +h2b2 +h3b3) 5
AL=A,1‘ial +Aiiaz+A?‘ias .

(20a)
(205)

The expression for the total diffuse intensity can then
be written as follows, with p representing a component
of the coordinate system in reciprocal space:

3 3 3
IID Lo+ D, QPhyt+ > RIZ+ S S 2+ by,
L.M. 14 14 p
@1
IéRO:‘ Z Z z &lmnAlmn ’ (220)
! m n
Qp=i z Z z‘?tpmnAlmn ’ (22b)
! m n
Rr= z Z Z SfmnAImn s (22¢)
I m n
Sp,p+l= z z Z éf,;,g+1Al,,," H (22d)
— xuxv(fi fj) ]
mn= Wmn){
" zz,z[zzzx s ),
Wiz (23a)
‘}_’fmn=2n[z z FLJ\'<Azij>lmn]uv 5 (23b)
i
Sfmn=4n2[z Z <A01A >lmn]uv s (230)
iJ
éfmn=387[ (23d)

Z FLJ;'<AziA€+1'j>lmn]uv N
J

DIFFUSE SCATTERING FROM MULTIPLE SUBLATTICES

It was first pointed out for binary alloys by Sparks &
Borie (1966) and Borie & Sparks (1971) that the terms
in (21) can be separated because of their different
symmetries in reciprocal space. This will be considered
for these more complex materials in § 3. But first in § 2
some examples will be given of the direct manner by
which these equations can be simplified for specific
systems. For simplicity, the primes on the scattering
factors will no longer be employed.

2. Applications to specific systems

A. Fe,O

In wiistite (Fe,O) the oxygen ions form a complete
f.c.c. structure. However, the octahedral cation sites
are partially filled by iron ions, the rest of the sites
being vacant (Jette & Foote, 1933). In addition, there
are iron ions in tetrahedral sites (Koch & Cohen,
1969); in what follows the two sets of tetrahedral
sites are referred to as ‘Tet 1’ and ‘Tet 2. At low
temperatures, there is a clustering of vacancies and
tetrahedral ions and the clusters exhibit a long-range
order with space group Pm3m or P43m. At high
temperature, the structure is that of NaCl, space
group Fm3m, with only local atomic order. Pertinent
information concerning these arrangements is sum-
marized in Table 1. Substituting the values in this
table into (11) yields:

Iy v = N(xX§xg+ 2x]1:‘ex¥)f12-‘e . (24

The term N is the total number of lattice points (not
sublattices).

Table 2. The three types of interatomic vectors and the
corresponding sublattice pairs, Fe,O

Type of Imn*
1. ,m,n all [2p]/4
I+ m+n=[4q]/4

Possible sublattice pairs

F.c.c.-F.c.c., Oct-Oct, Tetl-Tetl,
Tet2-Tet2

2.1, m,n all [2p]/4 F.c.c.-Oct, Oct-F.c.c., Tetl-Tet2,
I+ m+n=[4q+2]/4 Tet2-Tetl

3.l,m,nall 2p+1]/4 F.c.c.—Tetl, F.c.c.-Tet2, Oct-Tetl,
Oct-Tet2, Tetl-F.c.c., Tet2-F.c.c.,
Tetl-Oct, Tet2-Oct

* p and g are integers.

Table 1. Sublattice fractions and sublattice vectors for the Fe O system

Type of sublattice Sublattice vector Oxygen
F.cc. 0,0,0 x2=1
Octahedral 1,4, x3=0
Tetrahedral 1 4.3 x2,=0
Tetrahedral 2 3,3.3 x2,=0

Sublattice fractions*

Iron Vacancy
xEe=0 xy=0
xBbe=x—2x%¢ X—l—(x 25
X;“i=xi1:‘c le—l—
x5 =% xy,=1-

* x is the ratio of total number of iron to total number of oxygen ions (as in Fe,O). Superscripts denote the kind of iron,
subscripts the site.
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The sublattice vectors are given in Table 2. Direct
substitution into (23a) for type 1 vectors yields:

& xo xoo‘geovj:_%fr xr“‘;‘erv . (250)
bmn = (x5exy +2x5xY) ’
for type 2 vectors:
2XFeXVO(FeV
Lpun = (25b)

(xEexy +2x5exy)

for type 3 vectors:

2(xg* xT“SeTV + x5 xpa5e’

()‘o XG4+ 2x5°xY)

When the intensity is separated into its component
terms (see § 3) and [ is Fourier transformed, it is
the &'s that are obtained, but not the o). If enough
information is obtained from (25b) to plot of%Y wvs.
interatomic distance, values can be extrapolated to
Type I interatomic vectors and subtracted to obtain
afeY. Furthermore, for wiistite, typically x5¢=0-9,
xo—O I, xF*=0-015 and x¥=0-985. Then 00>
pi xoa%" > —0-001 whereas  0-887> xEexYols >
—0-013. Thus the last term in (25¢) can be ignored to
a first approximation.

Proceeding in the same manner, the coefficients of
the size-effect modulation, the 9’s, (23b) can be

evaluated.

Xmn =

(25¢)

(i) Type 1 vectors:
Vima=Vir + Y60+ Y111+ V22 (26a)
— 27[[1:'?1? <x > + FFeFe <)‘FeFe> + FFeV<xFeV
VFe<xVFe> + F <X >+2(FFeFe<xFeFe
+ PR G FYES (oY) + FRCGHD
Since the average displacements for any inter- or

intrasublattice must be zero, the following relation
must hold:

(26b)

>, 2 xkpicxiy =0, @7)

for any set of u and v. This yields the following rela-
tions for type 1 vectors.

xFRY=0, (28a)
FeP FeFe<xFeFe> + xgep FeV<XFeV
+ XY P (XYE + XS PES(x%y =0, (28b)

xFeP FeFe<xFeFe> +x FeV<xFeV> + X¥P VFe<xVFe
+.XTPTT<)CT.XT>=O . (28C)
Equation (28b) is written in terms of af%:
xox6°(1 —465") ((x60') +<x00°))
= — O B ()
— (3 + x5 xgaby’) {xb6 (29a)
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Similarly the third equation becomes:
xpxp(1—of7’) (KX ) + (FF))
= E ) ()
— (X + xPxyory) (x¥¥ (290)

By substituting these relationships into ¥%,, for type 1
vectors with fy =0, and employing equations (15):

27
Vimn= (xEexy + 2xEexY X6 (x5° + x306% ) {X65°¢
+ 2x5e(x5e + x¥o X .
2 ( FeV) Fe]-‘e>] (30)
(ii) Proceeding in the same way for type 2 vectors:
Pimn=VFo + Yo + Y12+ VFor1 » (3la)
_ 4n FeV FeFe
ﬁmn ( X0+2X xT) (X +xTaTT) <XTT .
(31b)
(iii) Type 3 vectors:
Pimn=V¥11+ Vir2 + Y611 T Vo12
+VF1ir+ Y10+ Vi2r V120, (32)

2[x5° (¥ + x7067) (xoF°

(xEex, xo+2x 4%
xF (.X +X0(XFeV) <xFeFe ] .

yfmn
(33)

From extrapolations of displacements for type 2
vectors x55° may be estimated for type 1 vectors and
hence the term x5&® is obtained. As the two displace-
ments for type 3 vectors are essentially identical, all
displacements can be obtained. This is more detailed
information than is obtainable for metallic alloys,
where individual displacements cannot be isolated.
For metallic alloys ratios of scattering factors appear in
the y’s and it has been generally assumed in the separa-
tion procedure that these do not vary over the volume in
reciprocal space where measurements are made to
obtain the modulation term involving the y’s. There
are no scattering factor ratios in the y’s for Fe,O so
they are true Fourier coefficients and should be ob-
tainable with higher precision than for metallic
systems. This result will always occur when vacancies
are involved.,

We now proceed to the other coefficients, the terms
Jd and ¢ which involve mean-square displacements
and cross products of displacements. There are no
simplifying relationships for these terms. Hence for J,
(23¢) with (15):

(i) Type 1 vectors:

On= 0% + 050+ 0171+ Oars
4n’ 2 /10,0 Fe £2
= (Eexy + 2xEx ) /2 LfExRXR D+ X6° [ Fe
X (x§° + x5 {x6°X5°
+2x5° f R (X5 + xTary’) <X7°xT°)] -

(34a)

(34b)
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(ii) Type 2 vectors:
Ofun=0%0 + 055 + 0112+ 0Far1 »

il [ fo e (XA

(xo X5+ 2x% xT)fFe 0 JOFeATFRO

+ X5 fre So(X6SXR )
253 (xF + xYaY) (kS

(35a)

X1 (35b)

(iii) Type 3 vectors:

O =011+ 02+ G511

+ 05712+ 0F1F + %10+ 0F2r +6%20 5
47[2 Fe O ,.Fe
(x x0+2x x;/')f]zr 2[xT fOfFe<xF-xT
€

+ X7 fre fo{XTXR )+ <xFe E

X (VT + X307 {XE°XT)

X5 fE (B + x5y ) (XT°x67)] .

For the €’s in (234):
(i) Type 1 vectors:

(36a)

(36)

o =Fr+ 5o+ efir T Fir2 » (37a)
8n?
(xo X%+ 2x5x ) fE
X (x6° + X560 ) {X6°Vo*

+ 2x5e fE (x5 + xYafgY) (xF°

AR ¥R ) +x05°

¥l (37b)

(ii) Type 2 vectors:
(38a)

e =¢€ro T €Gr T €FiT2 T €T2r1 »
8n?

— Fe O ,,Fe

=< F (X5 foSre X8 Vb

(xBexy +2x5°x7) f e

— X6 fre SoSXE VR
+ 2x5 fL (x5 + xYohgY) (xF

¥l (38b)

(iii) Type 3 vectors:
€l =¢€Fr1 T €Fr2 T 511
+efr2+etir+ fio te€far t €520
8n?
— 2| xFe xoxFe
(xo X3 +2xFe v)fFe [ T fOfFe< FAT

+xr ®frefoXTVRD
f 2 (X + XYooy ) (xX6°VT)
°+Xptro ) (X Vo)l .

(3%a)

T Fe( (39b)
B. (Fe,Mg)O

Another useful example is a solid solution of oxides,
exemplified by the rocksalt structure of (Fe,Mg)O.
Depending on the partial pressure of oxygen, there is
some trivalent iron present and hence there are some
cation vacancies for charge neutrality, but their con-
centration is too small to detect by diffuse scattering.
There is no tetrahedral occupation. Accordingly, we
will assume that both sublattices in the NaCl structure
are full. The pertinent sublattice concentrations are

DIFFUSE SCATTERING FROM MULTIPLE SUBLATTICES

given in Table 3 and the types of sublattices in Table 4.
With these tables, and with 4 and C representing anion
and cation sublattices respectively:

I, = NxEEXE(fy me — /i Fe) (40)

Table 3. Sublattice fractions and sublattice vectors
for the (Mg, Fe)O system

Type of Sublattice Sublattice fractions*

sublattice vectors Oxygen Magnesium Iron
Anion 0,0,0 xq=1 xME=0 Fie=
Cation 1,43 x2=0 xY= xEe=1—xMe

* xME =Dy, XE=2Xpe, X2 =2X0, Xmg+ Xre =05 and xo=0-5.

Table 4. The two types of interatomic vectors and the
corresponding sublattice pairs, (Fe, Mg)O

Type of Imn*

1 l+m+n=[2p]/2
2 l+m+n=[2p+1]/2

Possible sublattice pairs

Anion-Anion, Cation—-Cation
Anion-Cation, Cation-Anion

* pis an integer.

For type 1 VeCtors, &, =044+ dcc=0MEre(Imn) and
for Type 2., &m=04c+oc4=0. That this is so can be
readily seen; the anion sublattice is completely filled
by oxygen ions. Hence from the definition of o, =
1— P4 /xi, both PL and x are unity for ac, and for
oQFe or aQMe both are the sublattice fraction.

For the modulation and other terms the equations
can be obtained in the same way and are given in
Krawitz & Cohen (1975). For example for type 1

vectors:

Pimn=VaatYéc » (41a)

and from (15), (23b) and (26):
'ylmn = 27T[F32<X22> + FMgMg<ngMG>
+F ’é‘é‘“(xc 18re) + FEeMs (xEeMe

FeFe < xFeFe >] (4 1 b)
2n

ng xge( ch _ fMg)z [{(X rt’:‘/[g)szg(f Mg _f F e)

+ XYEXEAYER® frg(fmg —Sre)} (XEEXEE)
+ {(x]c:e)sze(f Fe—SMg)
+ XE XY EER fro(fre fMg)} (xed&e>]

It is interesting to note that in this system, local
order involves terms in the cation sublattice only, but
the displacements involve this sublattice and interac-
tion between the cations and anions.

Any other system can be readily developed using the
general equations presented here, after Tables like 1
to 4 are prepared. In the next section, we will consider
the separation of the components of the diffuse inten-
sity up to second moments, and the minimum regions
required in reciprocal space for this separation. The
method presupposes that single crystals are available.

=X —
Yima=

4lc)
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While the equations could be averaged for use with
powders, the difficulty in obtaining satisfactory data
and analysis in this case even with metallic alloys does
not seem to warrant the effort. Accurate quantitative
data in this kind of study require single crystals. Fol-
lowing the next section on the separation, higher-
order moments will be discussed.

3. Separating the contribution to diffuse scattering

For simplicity the examples of cubic systems, Fe, O and
(Mg, Fe)O, discussed above will be employed. Ignoring
third and fourth-order terms for the moment, (21) is
identical to the form developed for binary alloys [see
Borie & Sparks (1971), Gragg & Cohen (1971)]. Only
the coefficients of the series are different, as shown in
§ 2. For cubic systems, the total diffuse intensity,
Ip, has m3m Laue symmetry in reciprocal space, that
is, the intensity is symmetric across planes k;=0,
across planes h;=h; and, owing to the threefold axes,
Ip(hy, hy, hs)=In(hs, hs, hy) = Ip(hs, by, ). If the total in-
tensity across these symmetry elements is written and
corresponding terms equated, numerous symmetry re-
lationships can be readily obtained and these are sum-
marized in Table 5. It isimmediately apparent that terms
like Q,(hy, ks, k) and Q,(hy, hy, h3) can be replaced by
O,(hy,ha,hy) and Q,(hs,hy,h,) respectively, and sim-
ilarly for R, R,,S,;,S,,. Thus I, may be written:

ID(hI s ha, hs) =Ispo(h 1, hz, ha)
+ h 1 Qx(hl’ /22’ h3) + hZQx(hz» h3= hl)
+h3Q(h3, i, 1) + iR (B, by, )
+ h%Rx(hla hs, hy) + thx(h& hyha)
+ 7Sy (hy, by ) + Bahs S, (ha, By By)

+ h.’:hl Sxy(hSa hla hz) (42)

Table 5. Symmetries of the components of diffuse inten-
sity for a cubic system

Isgo(h1, b2, h3) = Isgo(— hy, 2y is)
=ILro(h, —h2, h3) = ISRO(hb hy, — h3)

Qx(hl, hz, hs) == Qx( - hl, hz, hs)
= Qx(hh —h3,h3)= Qx(hl, hay ~ h3)
Ri(hy, hzy )= R — hy, bz, h3)
= R.(h1, —ha, h3) = R (hy, bz, — B3)
Sxy(hh hyyhs) = — xy(— hyy bz, hs)
=- xy(hh —hy,hy) = Sxy(hl, hy, —hs3)
Ispo(hy, h2, hi3) = Isgolhz, b3, by) = Isro(hs, hay h2)
Qx(hy, by, 13) = Qy(hzy i3y by) = Q.(hs, hy, )
Rx(hl, hayh3) = Ry(hz, ha, h1) = Rz(h3) hy, hs)
Sxy(hh oy h3) = Syz(hz, hs, hy) = Szx(hs, by, hs)
Lsro(hy, 2, h3) = Ispo(hy, hs, hz)
= Isno(h3, hy, hy) = Isgo(hz, By, hs)
Qx(hx, ha, hy)= Qy(hz, hy, h3) = Qz(th hy,hy) = Qx(hu hs, hz)
Ry(h1, hay hs) = R,,(h;, hy, h3) = R.(hs, hz, hy) = Rx(hl, b3, h2)
Sxy(R1s ha, b3) = Sya(bizs B, i) = Sxy(hy, s, y) = Siy(hay by, h3)

AC31A-8

A. Separation in a volume
Fe O

Because of the phase factor A4,,,=exp [2mi(h/+
hym+hyn)], and since I,m,n are of the form M/4 for
this material (where M is an integer) all components,
Isro, Oy, R, and S,, have a periodicity of 4 along 4.
Accordingly, the various terms can be separated as
follows:

R (hy, ha, ha) =[Ip(hy 44, hy, h3)
- 2ID(hl’ h2’ h3)
+Ip(hy—4,hy, h3)]/32,
Sx,v(hl’ h2> h3) = [ID(hla h27 h3) - [D(hl - 49 hZ, h3)
- ID(hh h2 - 4’ hS)
+Ip(hy—4,h,—4,13)]/16 ,
Qx(hn hy, hs) = [In(hn ha, hs) - ID(hl —4, h27 hs)
- (Shl -1 6)Rx(h17 hz, hs)
- 4hZSxy(h1, hla h3)
- 4h3Sxy(h3, h1,h2)]/4 . (436)
Once these terms are known Iz, can be obtained from
(42); for each value of Iy, at hy,h,,h; the intensity
must be known at this point and four other points as
well,

From the periodicities and symmetries or anti-
symmetries across ;=0 in Table 5, Lyo(h, ks, hs)=
Isno(4 —hy, hy, hs) = ]SRO(hl, 4—h,, hs) = Ispo(hy, 12y 4 — hs),
Qx(hla hZa h3) = Qx(4 - hls h27h3) = Qx(hla 4— h29 h3) etc.
Thus only one octant of the 4 x4 x 4 unit cell in recip-
rocal space is required. Also from these symmetry
relationships, by equating the intensities it can be

readily shown that the phase factors A,,, simplify
considerably. Thus:

ISRO(hbhbhz.): Z 2 Z &yn COS 270hy 1
I m n

43a)

(43b)

% €os 27h,m cos 2nhyn . (44a)
Similarly,
Q. (hy, by hy) = — 2 Z Z Viun SN 27hy 1
I m n
X €0s 2mhym cos 2nhsn ,  (44b)
Rihyho,h) =3 > 3 Oun cOS 2hy]
I m n
X oS 27mh,m cos 2nhsn ,  (44c¢)
Se(bssha,hs) =D > > &y sin 2mhyl
I m n
x sin 2zh,m cos 2nhsn . (44d)

From the symmetries across h;=h; in Table 5 [see
equations (44)], the minimum volumes can be further
reduced. Note particularly that Q, and R, are symme-
tric across h,=h;, but that S, is symmetric across s, =
h,. Furthermore, it is easy to show that for any
component:
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A(hl’ hl, h3) = A(.hth + 2: h3 + 2)

= A(hl + 2, h2a h3 + 2)
= A(h,+2,h,+2,h3) . (45a)
This result stems from the fact that 2(/+m) in the
phase factor is always an integer for this system and 4/,

4m, 4n are even. Combining these relationships with
symmetries across ;=0 and h,;=h; results in

Isgo(hy, ho, h3) = Isgo(hy, hy +2,h3 +2)

=Isgo(hy;2—hy, 2 —h3) (45b)

=Igo(M,2—h3,2—hy) , (45¢)

Qx(hy, by, hy) = O(h1,2—h3,2—hy) (454)

R.(hy, by, h)=R(hy,2—h3,2—h,) , (45¢)

Sxylhys o hs) =Sy (2—hy,2—hy, hy) (45/)
Similarly,

Ispo(Pss 1o, h3) = Ispo(2 — hy, 12, 2 — 3) (45¢)
Qulhy, by )= — Qx(2—hy, 1y, 2— ) (45h)
R.(hy, s, hs)=R,2—hy,hy,2—h3) , (451)
Sey(hyshyhs)= — S, (2—hy, by 2—h3) . 45)

The final minimum volumes for each component are
shown in Fig. 1. The five required regions are brought
together in Fig. 2. The volumes a and b in Fig. 2 are
required in (43) for Q,, a, b, ¢ for R, and a, b, d, e for
S,,. These regions have been placed close to the origin
so that the size terms (which are multiplied by powers
of h;) are not too large, and yet far enough along the
axes to avoid the origin, Also regions like (2—4) have
beenreplaced by (4 —h). These regions make up avolume
17/192 that of the original unit cell, and can be further
reduced to 15/192 of the original volume by applying
the symmetries h;=h; to Fig. 2, resulting in the region
in Fig, 3. If sampled at equal intervals of 4h=0-1,
about 5000 data points are required, three times the
number for a binary f.c.c. alloy. With modern high-
intensity X-ray generators it is estimated that a typical
measurement under computer control would take only
about a week.

(Mg, Fe)O

The procedure is identical to that presented for
Fe,O and is therefore presented in abbreviated form.
Components of the interatomic vectors are of the form
M]2 so that the periodicity is two. As a result the dif-
ference equations become:

R (hy, hay hs) =1Ip(hy +2, hy, hy) — 215(hy, by, hs)

+1Ip(hy—2,hy, h3))/8 (46a)
Sxy(hl, hay hy) =[Ip(hy, by, hs) — I(hy —2, by, hy)

—Ip(hy,h,—2,h3)

+ ID(hl - 2: hl - 23 h3)]/4 ’ (46b)

DIFFUSE SCATTERING FROM

MULTIPLE SUBLATTICES

Qx(hb th h3) = ID(hl’ hz, hs) - ID(hla h}.’. - 2’ h3)
~ (4hy— B)R (hy, by, hs)
— 25,8, (hy, 1y hi3)
- 2]13Sxy(h3’ hh hZ)]/z .

47

Fig. 1. Minimum repeat volume in reciprocal space (a) for
Isro, (b) for O, and Ry, (¢) for S;,. For Fe,0.

6,0,2

Fig. 2. The composite volume formed by the distribution of
the common minimum repeat volumes. Fe,O.
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Furthermore, Igo(hy, ha,hs)=Igo(2—hy, by, hs)  ete.
Ox(hy, hyyhy) = — Qu(2—hy, by, ) = Q(hy, 2~ hy, h)  ete.
Again, only one octant is required and the last four
expressions in Table 5 are employed. The five minimum
volumes are shown in Fig, 4, labelled a—e in the same
manner as for Fe,O. This volume is 68/192 of the unit
cell in reciprocal space and it can be reduced to
40/192 by applying the symmetry A,=h; to yield the
region in Fig. 5. This volume is  that for Fe,O.

B. Separation along lines

It has been demonstrated for binary alloys that it is
sometimes possible to obtain the local-order coeffi-

hy

Fig. 3. The minimum volume of measurement in reciprocal
space for Fe,O.

301

201

(0]0]}

021

ha

Fig. 4. The volume formed by the distribution of the common
minimum repeat volumes in reciprocal space for (Fe, Mg)O.

A C3lA-38*

643

hy

13

hz

Fig. 5. The minimum separation volume in reciprocal space
for the (Fe, Mg)O structure.

cients — but not displacements — from data only along
lines in reciprocal space [Ericsson, Linde & Cohen
(1971) for b.c.c. systems and Berg & Cohen (1973) for
f.c.c. systems]. That is, data can be collected along
selected line segments in the volumes and separated
with the result that I, is obtained along the lines,
but not enough information is available to invert Q,
or other terms. If the diffuse intensity is weak and
broad so that the &’s differ from zero only for a few
neighbor shells, then Igo along the three lines [#00],
[A#h0] and [Ahh] can be written in terms of a few one-
dimensional Fourier coefficients 4!, These coeffi-
cients can then be obtained by inversion and solved
simultaneously for the &’s. The procedures for
choosing the lines in the minimum volumes are amply
documented in the above references. It is only worth
pointing out here that for Fe,O the resulting equations
are exactly the same as for a b.c.c. alloy and for
(Fe,Mg)O these are the same as for an f.c.c. alloy; it is
only necessary to halve the coordinates /mn in each of
the references, to obtain the formulae for these oxides.

4. The higher-order terms

(a) In a volume in reciprocal space

We return now to an evaluation of the third and
fourth moments, equations (18) and (19). Borie (1970)
has shown that for thermal diffuse scattering (TDS)
higher moments can be expressed as convolutions of
lower-order terms. While this procedure could be
developed precisely for a pure element, Hayakawa,
Bardhan & Cohen (1975) have shown that it could also
be done approximately for the combined static and
dynamic terms for a binary alloy. This can also be
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done for the more complex situations described in this
paper. In (23b-d), it will be assumed that, for a given
interatomic vector /mn, all displacements are equal,
regardless of the species involved.* This assumption is
approximately true for even terms when dynamic
displacements are dominant. For binary systems,
elastic theory can be employed for the odd terms
(Hayakawa, Bardhan & Cohen (1975). Then in coor-
dinates, p (p=1-3):

I'=i2zliy. 2 2 2 2,12, 2 Fislw
p I m n i g
X <Ap>lmnAlmnhp

=4l 2. 2 2 212 2 Fitl

n i

x <(Ap)2>lmnh;21Almn+8n Z IZ z z [Z z F;X:]uv

(484a)

X LAPAP Y Ayt hy 41 (48b)
~8wih. 333 3 SIS 5 Pl
X <ADAP>lmn1;Aqq>lmnA,lnmn1:2 hq .
+ 16735, . 2 Z Z Z Z[Z zF,Mv
x <A"A”“>:mn<d D mnA lmnhphp+1/ g (48¢)
=l (87 2. 20 2. 2 2,12, 2. Fifl
X <(Ap)2>lmn<(A ")2>zm,.Azm..hz hg
T30t 2 2 202 212 2 Fillw
x{(47y? >lmn<Aqu+ 1>lmnAlnmhphqhq 1
320 3 333 3033 Pl
X (A”Al’p“;m,,(AqA‘*+‘>,,,,,,A PP+ 1fgh 41 - (48d)
Defining, from (48a):
ylmn_2n[z 2 Fidu 4" i » (49a)
from (48)
:m,.—47r2[z Z Fi Ll 4PV i » (49b)
and
far *1 =87, 2, Filul AP i (490)
and
[z z Fil,= (494d)

* More precisely, it is only necessary to assume that the (k. 4)
in the first and third terms are equal and that the<k . 4 k . 4) in
the second, third and fourth terms are the same.

DIFFUSE SCATTERING FROM MULTIPLE SUBLATTICES

Then:
P i3 535 ] e g
ILM P q I m n Bv tmp
+€f 1 Iém" Almnh hp+lhq}9 (50(1)
uv
14 5 mné mn
TLM % Z Z Z z Z{ ! : (Almnhghg
M. P 4q m n uv

+ 6lmn€ lmn+ 1/'Buv)A lmnh h hq +1

l(ei,mp‘{h16 !mn+1/an)Almuh hp'rlh hq+l (SOb)
Th o’s, &’s and €’s are obtained by ignoring I* and I*,
with the separation described in § 3, and then these
higher-order terms can be calculated. Only if these are
small, can this procedure be trusted to be adequate as
a correction. It is important to note that a sufficient
number of Fourier coefficients are needed to properly
represent the intensities. If the data is taken at
intervals in A of 0-1, coefficients of /mn up to 10,10,10
are required to calculate I3 and I

(b) Along lines in reciprocal space

A direct procedure for including higher-order TDS
terms has been developed for linear analysis with binary
alloys (Hayakawa, Bardhan & Cohen, 1975). It was
shown above that the form of the general equations for
I, stays the same for the more complex materials
considered in this paper, as for a binary alloy; only
the coefficients of the various contributions change;
therefore, the same linear procedure for higher-order
terms may be applied as for a binary alloy. The total
intensity along lines can be written:

Ip(hy=Isro(h) +hQ(h) + R(h) {exp [b(WA]—1} . (51)

It was shown in the given reference that b(%) is a
symmetric function of A. Separation equations are
also given in the above reference; an additional half-
period must be measured in the examples described in
this paper.

5. Errors

The principal sources of error in this kind of analysis
are the higher-order terms if measurement is made at
high temperatures, and the assumption that the
scattering-factor ratios in the size terms [the F terms,
equations (15)] are independent of position in recip-
rocal space; this assumption is required for the
separation, and for the inversion to obtain size coeffi-
cients. This is adequate for neutrons, but may not be
so for X-rays. Detailed discussions of such errors for
binary alloys have already been given (Gragg,
Hayakawa & Cohen, 1973; Hayakawa, Bardhan &
Cohen, 1975). Higher-order terms can be estimated
from the equations presented here, and if they are
small can be subtracted from the data in a reiteration
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procedure. The complex but compact volume for
measurement is chosen to minimize the variation in the
scattering-factor ratios. Nonetheless, errors do result,
and because of the complex volume it is difficult to
write expressions for the errors, or to generalize from
other results. The recommended procedure to estimate
errors is to synthesize data in a computer with in-
formation obtained by a preliminary analysis and then
to analyze this by the procedures described here. It
may result that neutron techniques are required for
accuracy. Alternatively, Tibballs (1975) has suggested
an extension of this procedure which essentially
involves measurement of the intensity in a larger
volume than described here, at points where the
scattering factor is different but the rest of any term is
the same. The volume is already large for these
systems with multiple sublattices, so the feasibility of
this new procedure is as yet unknown; it is currently
being tested.

This research constituted a portion of a thesis sub-
mitted (by M.H.) in partial fulfilment of the require-
ments for a Ph.D. degree in Materials Science at
Northwestern University in June 1973. Support by
AFOSR under Grant No. 73-2431 Mod. C is gratefully
acknowledged.
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Melecular Rearrangements in Organic Crystals.
I. Potential Energy Calculations for Some Cases of Reorientational Disorder
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The pairwise potential method was applied to the study of molecular reorientations in organic crystals.
Several benzene and naphthalene derivatives were considered, along with some simple heterocycles and
a few more complex compounds. The results of the calculations have been matched, where possible,
with the results of X-ray analysis and other experimental data. The good performance of the method is
considered encouraging in view of its application to the study of more complex solid-state processes.

The most interesting feature of molecular motions and
rearrangements that occur in the solid state is that
crystal packing can control the process to a very high
degree. A theoretical study of such phenomena re-
quires therefore a good insight into packing forces;
and, vice versa, a knowledge of experimental facts can
throw light on crystal force fields.

The most succesful theoretical approach to the
problem of crystal forces for organic molecules involves
the pairwise evaluation of non-bonded interactions
between atoms by some kind of empirical potential
(Kitaigorodskii, 1961; Kitaigorodskii & Mirskaya,
1962; for a recent review, see Kitaigorodskii, 1970);
early calculations of this kind met considerable success



